Introduction
The Eichler-Shimura isomorphism establishes a bijection between the space of modular forms and certain cohomology groups with coefficients in a space of polynomials. More precisely, let k ≥ 2 be an integer and let Γ ⊆ SL 2 (Z) be a congruence subgroup, then we have the following isomorphism of Hecke modules
where V (k) ∨ is the dual of the C-vector space of homogenous polynomials of degree k − 2, M k (Γ, C) is the space of modular forms of weight k and S k (Γ, C) ⊂ M k (Γ, C) is the subspace of cuspidal modular forms (see [6, Thm. 8.4] and [4, Thm. 6.3.4] ).
This isomorphism can be interpreted in geometric terms. Indeed, a modular form of weight k can be interpreted as a section of certain sheaf of differential forms on the open modular curve attached to Γ. With this in mind, the EichlerShimura isomorphism can be obtained comparing deRham and singular cohomology, noticing that the singular cohomology of the open modular curve is given by the group cohomology H
• (Γ, V (k) ∨ ). The aim of this paper is to omit this geometric interpretation and to provide a new group cohomological interpretation.
The restriction of the Eichler-Shimura isomorphism to the spaces of cuspidal modular forms is given by the morphisms
where ∂ ± (f )(γ)(P ) = for any z 0 in H the Poincaré hyperplane, γ ∈ Γ and P ∈ V (k). In fact, the morphism defining the cuspidal part of (0.1) is given by
2 ), where f * 2 ∈ S k (Γ, C) is obtained from f 2 by complex conjugating its Fourier coefficients. The image of ∂ ± lies in the subspaces
where the natural action of ω = 1 0 0 −1 normalizing Γ acts by ±1.
In a general setting, F is a totally real number field of degree d, G is the multiplicative group of a quaternion algebra A over F , and φ is a weight
We assume that ψ σi (x) = sign(x) ki |x| µi , for any archimedean place σ i : F ֒→ R. In this scenario, by an automorphic form we mean a function on 
2 for a precise definition of V µi (k i )), that satisfies the usual transformation laws with respect to the weight-k i -actions of G(F ). The interesting cohomology subgroups to consider are:
where V ψ (k) is the tensor product of the polynomial spaces
Similarly as in the classical case, for any character ε :
+ −→ ±1 we can define a morphism
from the set S k (U, ψ) of automorphic cuspforms of weight k, level U and central character ψ, to the ε-isotypical component of
. Such a map is given by:
) is the class of the cocycle
Our result will provide a group cohomological interpretation to the morphisms ∂ ε , for any character ε. Let F ∞ ≃ R d be the product of the archimedean completions of F , let G ∞ be the Lie algebra of G(F ∞ ) and let K ∞ ⊆ G(F ∞ ) be a maximal compact subgroup. Then the (G ∞ , K ∞ )-module generated by φ is isomorphic to D ψ (k), the tensor product of discrete series of weight k j at archimedean places in Σ and polynomial spaces V µj (k j ) at archimedean places not in Σ. This implies that any φ ∈ S k (U, ψ) provides an element
where A U is the (G ∞ , K ∞ )-module of smooth admissible functions f : G(A)/U → C. Our main result (Theorem 2.4) can be rewritten as follows:
Theorem 0.1. There exists an exact sequence of G(F )-modules
such that, up to an explicit constant, the morphism ∂ ǫ is given by the corresponding connection morphism
We obtain the above exact sequence from extensions of the (G σi , K σi )-modules of discrete series D µi (k i ) at every place σ i ∈ Σ. The archimedean local nature of these connection morphisms ∂ ε implies that the G(A ∞ )-representation generated by ∂ ε φ coincides with the restriction to G(A ∞ ) of π φ , the automorphic representation attached to φ.
The image of a cuspidal automorphic representation π φ through the morphisms ∂ ε is used in many papers to give a group cohomological construction of cyclotomic and anti-cyclotomic p-adic L-functions and Stickelberger elements attached to quadratic extensions of a totally real number field (see for instance [7] , [5] and [1] ). The explicit form of ∂ ε given in Theorem 2.4 provides the interpolation properties of these objects.
Another application is the construction of Stark-Heegner points. By means of the connection morphisms ∂ ε ±1 , where (ε + , ε − ) is a well chosen pair of characters, one can construct a complex torus C [L:Q] /Λ attached to a weight 2 automorphic representation π φ with field of coefficients L. It is conjectured that such complex torus coincides with the abelian variety of GL 2 -type attached to π φ . In [3] , we use the cohomological description of ∂ ε ±1 to construct Stark-Heegner points in the complex torus, that we conjecture to be global points in the corresponding abelian variety. Such points are conjecturally defined over class fields of quadratic extensions of F and satisfy explicit reciprocity laws.
Notation. Throughout this paper, we will denote by S 1 dθ = SO(2) dθ the Haar measure of S 1 = SO(2) such that vol(S 1 ) = π. Let F be a number field. For any place v of F , we denote by F v its completion at v. Given a finite set of places S of F , we denote by F S the product of completions at every place in S. We denote by F ∞ the product of completions at every archimedean place. Similarly, for any subset Σ of archimedean places, F ∞\Σ will be the product of completions at every archimedean place not in Σ. We denote by A the ring of adeles of F . For any set S of places of F , we write A S for the ring adeles outside S. Consistent with this notation, we denote by A ∞ the ring of finite adeles of F .
1. Discrete series 1.1. Finite dimensional representations. Let A be a quaternion algebra defined over a local field F . Let K/F be an extension where A splits. For any natural
be the finite K-vector space of homogeneous polynomials of degree k − 2. We have a well defined action of GL 2 (K) on
If we fix an embedding
is equipped with an action of A × . We denote by det : A→F the reduced norm of A, and let us consider
with the natural action of A + . It is clear that the centre of A × acts trivially on V (k) K . Notice that, if k is even, the action of A + on V (k) K extends to a natural action of A.
1.2.
Discrete series and exact sequences. Assume that F = R and A = M 2 (R). Let GL 2 (R) be the Lie algebra of GL 2 (R). For any k ∈ Z and µ ∈ C, we define I µ (k) as the (GL 2 (R), SO(2))-module of smooth admissible vectors in
If we assume that k ≥ 2, we have the well defined morphism of (GL 2 (R), SO(2))-modules
Moreover, we have a (GL 2 (R), SO(2))-invariant pairing (see [2, §2] )
providing the morphism of (GL 2 (R), SO(2))-modules
Composing with the natural GL 2 (R)
, we obtain a map
Remark 1.1. Notice that we have the symmetry
This definition implies that D µ (k) lies in the following exact sequence of (GL 2 (R), SO(2))-modules:
Since any g ∈ GL 2 (R) + can be written uniquely as g = u · τ (x, y) · κ(θ), where
we have that
The (GL 2 (R), SO(2))-module structure of I s (k) can be described as follows: Let L, R ∈ GL 2 (R) be the Maass differential operators defined in [2, §2.2]
Then, the (GL 2 (R), SO(2))-module I s (k) is characterized by the relations:
for any κ(θ) ∈ SO(2) and u ∈ R + ⊂ GL 2 (R) + . Write z = x + iy andz = x − iy. For n ∈ {0, 1, · · · , k − 2}, let us consider the elements P n ∈ V µ (k), P n (x, y) = z nzk−2−n . It is clear that {P n } n=0,··· ,k−2 is a basis for the C-vector space V µ (k). We compute that
By orthogonality, we deduce that ϕ(f 2n−k+2 ) = 2 2−k π k−2 n P n (x, y).
Since κ(θ)P n = e (2n−k+2)iθ P n , the morphism of C-vector spaces
defines a section of ϕ as SO(2)R + -modules.
Remark 1.2. Since (1.3) is an isomorphism, we can define a non-degenerate
In particular,
Since s is a section of ϕ, we compute (2))-module of discrete series. We want to give structure of (GL 2 (R), O(2))-module to I µ (k). Hence, we have to define the action of
. That is to say, we have to define ω ∈ End(I µ (k)) such that (i) ωf t ∈ Cf −t ; (ii) ω 2 = 1; (iii) ωR = Lω. If we write ωf t = λ(t)f −t , condition (ii) implies that λ(t)λ(−t) = 1. Moreover, condition (iii) implies that λ(t) = λ(t + 2). We obtain two possible (GL 2 (R), O(2))-module structures for I µ (k): Letting λ(t) = 1 for all t ≡ k mod 2, or letting λ(t) = −1 for all t ≡ k mod 2. Write I µ (k) ± for the (GL 2 (R), O(2))-module such that ωf t = ±f −t , respectively.
By abuse of notation, write also V µ (k) and V µ (k) R (in case µ ∈ R) for the GL 2 (R)-representations
. Remark 1.3. With this GL 2 (R)-module structure, the pairing ·, · introduced in Remark 1.2 is not a GL 2 (R)-invariant in general. In fact one can show that
Note that, for any f ∈ I µ (k) ± , we have that ωf (θ) = ±f (−θ), hence we compute that,
This implies that the exact sequence of (GL 2 (R), SO(2))-modules (1.4) provides the exact sequences of (GL 2 (R), O(2))-modules
where ε : GL 2 (R) → ±1 is the character given by ε(g) = sign det(g), D µ (k) is the (GL 2 (R), O(2))-module with fixed action of ω given by ωf (θ) = f (θ), and I is the automorphism of (GL 2 (R), SO(2))-modules
Note that ι • I is a monomorphism of (GL 2 (R), O(2))-modules because I(ωf ) = −ω(I(f )).
Matrix coefficients. Let us consider
provides a well defines morphism of (GL 2 (R), SO (2))-modules. Indeed, for any element of the Lie algebra G ∈ GL 2 (R),
1.5. R-structures of Discrete series. As we can see in [2, §2.2], R and L are not in GL 2 (R), they are Caley transformations in GL 2 (C) of elements in GL 2 (R). In fact, GL 2 (R) is generated by
If we define h t := f t + f −t ∈ I µ (k) ± and g t :
Hence the R-vector space I µ (k)
± generated by h t and g t defines a (GL 2 (R), O(2))-module over R.
We check that the morphisms ϕ :
Nevertheless, the automorphism of (GL 2 (R), SO(2))-modules I : D µ (k)→D µ (k) does not descend to an automorphism of (GL 2 (R), SO(2))-modules over R since I(h t ) = −sign(t)ig t . In fact,
We obtain the exact sequences of (GL 2 (R), O(2))-modules over R
Connection morphisms
In this section, we assume that G is the multiplicative group of a quaternion algebra that splits at the set of archimedean places Σ. Write r = #Σ. Let us consider the C-vector space A(C) of functions f : G(A) −→ C such that:
• There exists an open compact subgroup
r , we assume that any f ∈ A(C) is K Σ -finite, namely, its right translates by elements of K Σ span a finite-dimensional vector space.
• We assume that any f ∈ A(C) is Z-finite, where Z is the centre of the universal enveloping algebra of G(F Σ ). Write ρ for the action of G(A) given by right translation, then (A(C), ρ) defines a smooth G(A ∞ )-representation and a (G ∞ , K ∞ )-module, where G ∞ is the Lie algebra of G(F Σ ) and
r and let V be a (G ∞ , K ∞ )-module. We define
endowed with the natural G(F )-and G(A ∞ )-actions.
where V ∨ is seen as a G(F )-module by means of the usual injection G(F ) ֒→ G(F ∞ ), and the action of
Fix σ ∈ Σ, µ ∈ C and let us consider D µ (k), V µ (k) and V µ (k)(ε) as (G ∞ , K ∞ )-modules by means of the projection G(F ∞ )→G(F σ ). The exact sequences (1.10) and (1.11) provide the connection morphisms
for any of the two characters ǫ σ :
This implies that we have a well defined complex conjugation on V by conjugating on the second factor. Thus, we have a complex conjugation on A(V, C), given by
the subspaces where complex conjugation acts by ±1, respectively. Since exact sequences (1.10) and (1.11) descend to exact sequences (1.12) and (1.13), we obtain
Hence the connection morphism satisfies
and the result follows.
2.1. Explicit computation of the connection morphisms. Let us consider the section s :
We compute that f m , ιP n I = S 1 e miθ P n (− sin θ, cos θ)dθ
where δ(n) is the Dirac delta. Thus, g
Since V µ (k) is generated by {P 0 , · · · , P k−2 }, we deduce that α n = 0 unless n ∈ {0, · · · , k − 2}. Since matrix coefficient morphism are (G σ , K σ )-module morphisms by §1.4, we can compute on the one side
On the other side, we have that
Assume thatφ ∈ A(V ⊗ I µ (k), C) and the action of (G σ , K σ ) on V is trivial. For any f ∈ I µ (k) and v ∈ V , we will usually denote byφ v (f ) the expressionφ(v ⊗ f ). We aim to compute
), we compute For any P ∈ V µ (k), g ∈ G(A σ ), v ∈ V and φ ∈ A(V ⊗ D µ (k), C) the expressions n b, where b(γ)(g)(v ⊗ P ) =φ(γ)(v ⊗ s(P ))(1, g). We compute, for all P ∈ V µ (k), v ∈ V , γ = (γ 1 , · · · , γ n ) ∈ G(F ) n , α ∈ G(F ) and g ∈ G(A σ ),
where αγ i = (α, γ 1 , · · · , γ i−1 γ i , · · · , γ n ) for i = 1, · · · , n, and αγ n+1 = (α, γ 1 , · · · , γ n−1 ).
Since (φ − b)(γ)(v ⊗ s(P )) = 0 by construction, we obtain 
